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1. Introduction 

Schrodinger equations with Hardy-type singular potentials have been the object of a quite large 
interest in the recent literature, see e.g. [1. 7, 8, 12, 15, 18, 20, 25, 26, 28]. The singularity of 
inverse square potentials V(x) ~ A|x| -2 is critical both from the mathematical and the physical 
point of view. As it does not belong to the Kato's class, it cannot be regarded as a lower order 
perturbation of the laplacian but strongly influences the properties of the associated Schrodinger 
operator. Moreover, from the point of view of nonrelativistic quantum mechanics, among potentials 
of type V(x) ~ A|x| -Q , the inverse square case represent a transition threshold: for A < and a > 2 
(attractively singular potential), the energy is not lower-bounded and a particle near the origin in 
the presence a potential of this type "falls" to the center, whereas if a < 2 the discrete spectrum 
has a lower bound (see [21]). Moreover inverse square singular potentials arise in many fields, such 
as quantum mechanics, nuclear physics, molecular physics, and quantum cosmology; we refer to 
[17] for further discussion and motivation. 

The case of multi-polar Hardy- type potentials was considered in [14, 11]. In particular in [14] 
the authors studied the ground states of the following class of nonlinear elliptic equations with a 
critical power- nonlinearity and a potential exhibiting multiple inverse square singularities: 

k A, 

-Av - y^- — v = v 2 *- 1 , 

(1) } fel*-o<l 2 

v>0 inR JV \{ai,...,o fc }. 

For Schrodinger operators — A + V the potential term V describes the interactions of the quantum 
particles with the environment. Hence, multi-singular inverse-square potentials are associated with 
the interaction of particles with a finite number of electric dipoles. The mathematical interest in 
this problem rests in its criticality, for the exponent of the nonlinearity as well as the singularities 
share the same order of homogeneity with the laplacian. 

The analysis carried out in [14] highlighted how the existence of solutions to (1) heavily depends 
on the strength and the location of the singularities. For the scaling properties of the problem, 
the mutual interaction among the poles actually depends only on the shape of their configuration. 
When the poles form a symmetric structure, it is natural to wonder how the symmetry affects such 
mutual interaction. The present paper means to study this aspect from the point of view of the 
existence of solutions inheriting the same symmetry properties as the set of singularities. More 
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precisely we deal with a class of nonlinear elliptic equations on R , TV > 3, involving a critical 
power-nonlincarity as well as a Hardy-type potential which is singular on sets exhibiting some 
simple kind of symmetry, as depicted in figures 1-3. 

Let us start by considering a potential featuring multiple inverse square singularities located on 
the vertices of /c-side regular concentric polygons. Let us write = R 2 x R*" 2 . For k £ N, we 
consider the group Z fc x §©(TV-2) acting on V 1 ' 2 (R N ) as u(y',z) -> v{y',z) = u(e^^l k y\T z), 
T being any rotation of M. N ~ 2 . 

Let us consider m regular polygons (with k sides) centered at the origin and lying on the plane 
R 2 x {0} C R w . Let us denote as af, i = 1, 2, . . . , k, the vertices of the £-th polygon, £ = 1, 2, . . . , m. 
Since the polygons are regular, we have a\ = e 27rv/ ~ T / fc af_ 1 . We look for x SO(TV — 2)-invariant 
solutions to the following equation 

{A rn k ^ 

v > in R N \ {0, a\ : 1 < £ < m, 1 < i < k}, 
where 2* = -J39, i.e. for solutions belonging to the space 

T>l' 2 (R N ) = {u(z, y) G P 1 ' 2 (M W ) : u(e 2 ^/ k z, y) = u(z, \y\)}, 

see figures 1-3. Here D 1 ' 2 (R Ar ) denotes the closure of the space T>(M. N ) of smooth functions with 
compact support with respect to the Dirichlet norm 

1/2 



MIx>i.2(r«) := / \Vu\ 2 dx I 
V it" / 



Let us denote as 

n = \a[\ = \ai\ = --- = \4\, for £= 1,2,. 
the radius of the ^-polygon and as 

Ai = kXg, £ = 1, . . . , m, 
the total mass of poles located on the ^-th polygon. The Raylcigh quotient associated with prob- 

k 



lem (2) in Vl' 2 (R N ) is 



(3) S k (Xa, Ai, . . . , A m ) = inf 



l,2[ S Ns / p \ 2/2 



u^6 [ I \u\ 2 dx 



It is well known that minimizcrs of (3) solve equation (2) up to a Lagrange multiplier. Theorems 
1.4 and 1.5 give sufficient conditions for the attainability of ^-(Ao, Ai, . . . , A m ) for large values 
of k. Letting k — * 00, the Schrodinger operator converges, in the sense of distributions, to the 
operator associated with a continuous distribution of mass on concentric circles. We stress that 
the convergence of the potentials does not hold in the natural way, i.e. in Lj 5 oc (R Ar ) for any p < ^ , 
because of the singularity. To formulate the limiting problem, for any r > 0, we denote as 

S r := {{x, 0) E M 2 x R N ~ 2 : \x\ = r} 
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the circle of radius r lying on the plane R 2 x {0} C M. N and consider the distribution 5s r <E P'(R ) 
supported in S r and defined by 



v 



8s ,(p) '■= T tp(x) da(x) = / ip(x) da(x) for any tp £ T> 

I J s 2irr J St 



(R N ) 



where da is the line element on S r . Wc look for solutions to the following equation 
(4) 



v>0 inM w \{0,U 1 < £ <„ l ^ t }, 

which are invariant by the action of the group SO(2) x SO(N — 2). To this purpose, the natural 
space to set the problem is 

Z££(R") = {«(*, V) G V^(R N ) : u(z, y) = u(\z\, \y\)}, 

and to consider the associated Rayleigh quotient 

(5) Scire (Ao, Ax, . . • , A m ) 

der(x) 



inf 

/ f ^ 2/2 
ti^o / \u\ ax 



I ivu| 2 d,- / fe+£A, / 

Jr" iR« \ \y\ f-f J5 r 



|x - y\' 



u (y)dy 



The following theorem contains a Hardy type inequality for potentials which arc singular at circles 

r da(x 
>S T 



Theorem 1.1. Let N > 3 and r > 0. For any u G I? 1 ' 2 (IR Ar ) i/ie map y i— > u(y) J s r^Tirs belongs 



to L 2 (R N ) and 

(6) (^)7 W| 2 (/^U</ |Vu (y) | 2 d y . 

v 2 / J K « V 7 Sr |x - y\ z ) J r n 

Moreover the constant ( jV 2 ~ 2 ) 2 is optimal and not attained. 

Hardy type inequalities involving singularities at smooth compact boundaryless manifolds have 
been considered by several authors, see [9, 16] and references therein. In the aforementioned 
papers, the potentials taken into account are of the type |dist(x, £)|~ 2 , where dist(x,E) denotes 
the distance from a smooth compact manifold S. We point out that such kind of potentials are 
quite different from the ones we are considering. Indeed an explicit computation yields 



(7) V r (y):= / ±^L= -L forallj,= Q/,z)eM w =IR 2 x 

J S r \ x ~ y\ J(r 2 + hi 2 2 -4r 2 \y' 2 



Hence 



V r (y)~T^ as \y\ 

\y\ 2 



whereas 



V r (y) = r— r as distfy, S r ) -* 0. 

v / r 2 + | y | 2 _ 2r | z/ | ^ r 2 + \ y \2 + 2 r\y>\ 2r\\y\-r\ 
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Hence the singularity at the circle of V r is weaker than the inverse square distance potential 
considered in [9, 16], but has the same behavior at oo. We also remark that V r is "regular" in the 
sense of the classification of singular potentials given in [17]. 

Arguing as in [14, Proposition 1.1], it is easy to verify that solvability of equations (2) and (4) 
requires the positivity of the associated quadratic forms. Let us consider for example the quadratic 
form associated with potentials singular on circles, i.e. 



-)Circ 
*A ,Ai, 



Wurdx - 



From (6) and Sobolev's inequality, it follows that 

4 



^circ 
'Ao,Ai,...,A„ 



> 



where t + 
(8) 



1 ~~ (N - 2) 2 + ^*= lA * ) 
max{i, 0} denotes the positive part. Hence <2"o?Ai, 

A++f>+<^ 



\0, 

2) 2 



\Vu\ 2 dx, 

N 

is positive definite whenever 



see [14, Proposition 1.2] for further discussion on the positivity of the quadratic form. Condition (8) 
also ensures the positivity of the quadratic form associated to problem (2). 

The attainability of 5fc(Ao, Ai, . . . , A m ) and S c i TC (Xo, Ai, . . . , A m ) requires a delicate balance be- 
tween the contribution of positive and negative masses. In particular, if TV > 4 and all the masses 
have the same sign, Sk(Xo, Ai, . . . , A m ) and Scire (Ao, Ax, ... , A m ) are never achieved. 

Theorem 1.2. Let N > 4, A , Ai, . . . , A m 6l, n, r 2 , . . . , r m e K+ satisfy (8). If 

either (i) Ag < for all I = 1, . . . , m 

or (ii) A > 0, A^ > for all £ = 1, ... , m 

then neither Sfc(Ao, Ai, . . . , A m ) nor S' C i rc (Ao, Ai, . . . , A TO ) are attained. 

The analysis we are going to carry out in the present paper will highlight that, from the point 
of view of minimization of the Rayleigh quotient, spreading mass all over a continuum is more 
convenient than localization of mass at isolated points. 



Theorem 1.3. Let N > 4, A ,Ai, . . . , A m g R. n,r 2 , 

m 

(9) ^A,<0, A < 

i=\ 

and 



satisfy (8) and 



{N ~2f 



(10) 



lib t 

i=i 1 1 

A, 



A < 



N(N - 4) 



itt |r,|V(iv-2)-4A 



> 0, if < A < . 



Then the infimum in (5) is achieved. In particular equation (4) admits a solution which is SO(2) x 
SO(N - 2) -invariant. 
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As problem (5) is the limit of (3), when k — ► oo, we expect the assumptions of Theorem 1.3 
to ensure the existence of solutions to (3) provided k is sufficiently large. Indeed the theorem 
below states that (9) and (10) are sufficient conditions on radii and masses of the polygons for the 
infimum in (3) to be achieved when k is large. 

Theorem 1.4. Let N > 4, A , Ai, . . . ,A m £ M, n,r 2 , ...,r m el+ satisfy (8), (9) and (10). For 

any I = 1, . . . , m and k G N let {a|}i=i,... J fc be the vertices of a regular k-side polygon centered at 
of radius ri and let \e = Ag/k. Then if k is sufficiently large, the infimum in (3) is achieved. In 
particular equation (2) admits a solution which is Zj. x SQ(iV — 2)-invariant. 

When TV > 4, it is possible to estimate how large k must be in order to obtain the above 
existence result. This is the content of the following theorem. 

Theorem 1.5. Assume that N > 4, A+ + kJ^'-Li A+ < 

III 

(11) < 0, 

e=i 

(12) Xi < A 2 < ■ ■ ■ < \ rn < N{N ~ 4) , 
(N -2) 2 



(13) A < 



(14) 



4 ' 

^ >0 ' «/ A < , 



E. ti 

e' a - >o, if ^^ <Ao< M 

. fc— 1 m—1 k 



(is) ^ + A m v — . — ^ + E A ^E ? V >0 - 

M ^4r^|sinf| ^ r 2 i+r 2_2r m r,cos(2f + 6,/ 



where Qjt denoted the minimum angle formed by vectors a\ and a s , (see figure 4)- Then the 
infimum in (3) is achieved. In particular equation (2) admits a solution. 

This paper is organized as follows. In section 2 we recall some known facts about the single-polar 
problem and study the behavior of any solution (radial and non radial) to the one pole-equation 
near the singularities and oo. In section 3 we prove the Hardy type inequality for potentials 
which arc singular at circles stated in Theorem 1.1. Section 4 contains an analysis of possible 
reasons for lack of compactness of minimizing sequences of problems (3) and (5) and a local Palais- 
Smalc condition below some critical thresholds. In section 5 we provide some interaction estimates 
which arc needed in section 6 to compare the concentration levels of minimization sequences and 
consequently to prove Theorem 1.3. Section 7 contains the study of behavior of energy levels of 
minimizing sequences as k —> oo which is needed in section 8 to prove Theorem 1.4. Last section 
is devoted to the proof of Theorem 1.5. 

Figures 1-3 are the plot of the test functions used to estimate the energy levels of Palais-Smale 
sequences and represent the expected shape of solutions found in Theorem 1.4 (assuming the last 
N — 2 variables to be 0), which is based on the knowledge of their behavior at singularities (see 
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[13] and Theorem 2.2), which is known to be be singular at poles with positive mass and vanishing 
at poles with negative mass. 




-4 -4 

1. k = 10, m = 2, X , Ai > 0, A 2 < 0. 



Notation. We list below some notation used throughout the paper. 

- B(a, r) denotes the ball {x £ M. N : |x| < r} in R w with center at a and radius r. 

- S r = {(x,0) G R 2 x R^ -2 : |x| = r} denotes the circle of radius r in the plane M 2 x {0}. 

- 6 X denotes the Dirac mass located at point x £ R w . 

- D(R ) is the space of smooth functions with compact support in M. N . 

- 2? 1 - 2 (R JV ) is the closure of V(R N ) with respect to the Dirichlet norm (/ RJV |Vu| 2 dx) 1/2 . 

- Cq(M. n ) denotes the closure of continuous functions with compact support in I 1 *' with 
respect to the uniform norm. 

- dist(x, A) denotes the distance of the point x € R w from the set A C 

- || • ||p denotes the norm in the Lebesgue space L P (R N ). 

- AAB denotes the symmetric difference of sets A and B, i.e. AAB = (A \ B) U (B \ A). 
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2. k = 20, m = 2, A , Ai > 0, A 2 < 0. 




-A -A 



3. k — 6, m — 



2, Ai > 0, A , A 2 < 0. 
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2. The problem with one singularity 
For any A < (N — 2) 2 /4, the problem with one singularity 

{ Au = -^-ru + u 2 "- 1 , xeR N , 

(16) <^ M 2 

[u > in R N \ {0}, and u G O 1 ' 2 ^), 
admits a family of positive solutions given by 

(17) wfcx) =fi-^w^-), m > 0, 
where we denote 

N—2 

(18) u ,A( a: ) = _LJ LM _ and „ A = 1 



(|ar| 1 -"*(l + |a:| 2, *))~~ 5 ~ V (N-2) 

Moreover, when < A < (N — 2) 2 /4, all w*(x) minimize the associated Raylcigh quotient and the 
minimum can be computed as: 



(19) S{X):= inf Q ^ U) 2/a . = Qa( ^ } — = fl- -f* ) 5, 

„ e ^ W \ { o } (/rN H 2* da;) 2 / 2 (/rn | w A| 2 * da; ) 2 / 2 V (JV- 2) 2 

where we denoted the quadratic form Q\(u) = J RN \Vu\ 2 dx — A J RN j^dx, see [28], and S is the 
best constant in the Sobolev inequality 

*S1I m IIl 2 *(R n ) — INIx* 1 - 2 ^™)- 

As minimizers of problem (19), we consider 

7*1 — 

(20) z X Jx) = — ^ .... = a x , N 



Urn \w*\ 2 'dx 



1/2* 



JV-2 / 


X 


+ 




1 + ^ 


' i 


/' 




/' 





where a^.w = (N(N — 2)i/ 2 ) 4 || 2 , is a positive constant depending only on A and N, so 
that for < A < (N — 2) 2 /4 

(21) S(X) = Qx(z^) for all p > 0. 
For -oo < A < (JV - 2) 2 /4, we also set 

(22) S k (X) := , inf 



^' 2 (R")\{0} (f KN \ u \ 2 'dx) 



2/2* 



We note that S(X) < S k (X), and equality holds whenever A > 0. Moreover the following result has 
been proved in [28] . 

Lemma 2.1 (sec [28], Lemma 6.1). Let N > 4. If S k (X) < k 2 / N S then S k {\) is achieved. 

In [28] it is proved that if A G (0, (N - 2) 2 /4) then all solutions to (16) arc of the form (17) while 
if A « then also non radial solutions to (16) can exist. The behavior of any solution (radial and 
non radial) to problem (16) near the singularities and oo is described by the following theorem. 
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Theorem 2.2. If \ < (N-2) 2 /4 and u e V 1 - 2 (M. N ) is a solution to problem (16), then there exist 
positive constant kq(u) and Koo(m) depending on u such that 

(23) u(x) = \x\-^^- v ^[ko{u) +0(|a;| Q )], as x -> 0, 

(24) u{x) = \x\-^ < - 1+v ^[k 0o (u) + 0{\x\-°')], as|x|^+oo, 

for some a G (0, 1). 

Remark 2.3. Putting together (23-24) we deduce that there exists a positive constant n(u) de- 
pending on u such that 

(25) — ^ wHx) < u(x) < k(u) w$(x). 

K(U) 

Proof of Theorem 2.2. Set 

ax = ( N - 2 f-"») , v{x) = \ xru{ x). 

Then the function v belongs to V^ 2 {R N ) where D[ 2 (R N ) denotes the space obtained by completion 
of T)(SL N ) with respect to the weighted Dirichlet norm 

1/2 

MvifiR-) - [J RN \A~ 2ax \^v\ 2 dx 

Moreover v solves equation 

v r-i 



(26) -div(\x\- 2ax Vv) = 

I dU I 

From [13, Theorem 1.2], it follows that v is Holder continuous; in particular expansion (23) holds 
for kq(u) = v(0) and some a € (0,1). Moreover v(0) is strictly positive in view of Harnack's 
inequality for degenerate operators proved in [19], see also [10]; we mention that weights of type 
|a;| _2a with a < belong to the class of quasi-conformal weights considered in [19]. 
To deduce (24) , we perform the change of variable 



v( X )=\x\^-v u (^y 



and observe that the transformed function v solves equation (26). Hence [13, Theorem 1.2] yields 
that v is Holder continuous and admits the following expansion 

v(x) =v(0) + O(\x\ a ), asi^O, 

for some a £ (0, 1), where v(Q) > in view of Harnack's inequality in [19]. Coming back to u we 
obtain that u satisfies (24) with Koo(m) = v(0) > 0. ■ 
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3. Hardy's inequality with singularity on a circle 

We prove now the Hardy type inequality for potentials which are singular at circles stated in 
Theorem 1.1. 

Proof of Theorem 1.1. Let us consider the minimization problem 



I(S r ):= inf J *" = inf 

u^a / \u(y)\ f I [2 d V Wo 



J 


f \Vu(y)\ 2 dy 

R N 


[ W(y)\ 2 


( r da(x) ^ 

^ J Sr \x-y\ 2 ) 


dy 



J 


f \Vu(y)\ 2 dy 

R N 


[ W(y)\ 2 

JR« 


( f da(x) \ 

K T Sr \x-y\ 2 ) 


dy 



where the last equality is due to density of T>(R N \ {0}) in X' 1 ' 2 (R A ') (see e.g. [5, Lemma 2.1]). An 
easy calculation shows that for any u G D 1,2 (M. N ) 



J 


f \Vu(y)\ 2 dy 

R N 


[ Hy)\ 2 
Jr n 


( £ da(x) > 

V Js r V-v\ 2 ) 


dy 



J 


f \Vv(y)\ 2 dy 

R N 


f Hv)\ 2 


( £ da{x) \ 

\ T Sl \*-y\ 2 J 


dy 



where v(y) = u(ry). Therefore 

(27) I{S r ) = I (Si) for any r > 0. 

In view of (27), it is enough to prove the theorem for r = 1. The proof consists in three steps. 

Step 1: Inequality (6) i.e. /(Si) > ( i ^) 2 - 

For any u € I? 1 ' 2 (K Ar ), u > a.e., we consider the Schwarz symmetrization u* of u defined as 

(28) u*(x) :=inf{t>0: \{y eR N : u(y) > t}\ < lu n \x\ n } 

where | • | denotes the Lcbesguc measure of M. N and ojn is the volume of the standard unit TV-ball. 
From [31, Theorem 21.8], it follows that for any x 6 Si 



<y)l2 dy<l \u* { y)\ 2 



\x-y\ 2 j r n 



1 



f - y\ 



Since ( , 1 , )* = rr, we deduce 

\\x-y\J \y\> 

(») f 



\x-yr j R « \y 

Moreover by Polya-Szego inequality 



(30) / \Vu*\ 2 < / |Vw| 2 
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From (29-30) and the classical Hardy's inequality, it follows that, for any u £ 23 ' (K ) \ {0}, 
u > a.e., 

\Vu(y)\ 2 dy 



da(x) 
\x - y\' 



dy 



J 


f \Vu(y)\ 2 dy 

R N 







r« \x-y\ ) 


| da(x) 



„ v.-<,)|-* N _, , 
« |y| 2 

Due to evenness of the quotient we are minimizing, to compute I (Si) it is enough to take the 
infimum over positive functions. Hence passing to the infimum in the above inequality, we obtain 
I(Si)>(^) 2 . 

Step 2: Optimality of the constant, i.e. I(Si) — ( jv ~ 2 ) 2 . 

We fix u £ V(R N \ {0}) and let < r < R be such that suppu c{i£ l w : r < \x\ < R}. For 
any < A <C 1, we set ii\(x) = u(Xx). Hence we have 



(31) I(Si) < 



J 


f \^u x (y)\ 2 dy 

R N 


[ \ux(y)\ 2 \ 

JR N 


( f da(x) > 

I T Sl \x~y\ 2 ) 


\dy 



J 


f \Vu(y)\ 2 dy 


[ Hv)\ 2 \ 


( f da(x) > 


\dy 


V J Sl \Xx-y\ 2 J 



Since ^l^p < for all y £ suppu, x £ Si, and < A < |, by Dominated Convergence Theorem 

we deduce that J RN \u(y)\ 2 (f Si n^r^ra ) converges to J RN as A — ► 0, hence passing to 

the limit in (31) we obtain 

J(5i) < / R " S^r^ foranyu6ttGD(l Ar \{0}). 
By density of T>(R N \ {0}) in P 1 ^ 2 (M JV ) we deduce 

I(Si)< inf /^l v "(y)l 2 dy = (N-2y 
11 T>i-*(&N)\m Lm \y\- 2 \u(v)\ 2 dv V 2 / 



where the last equality follows from the optimality of the constant (^-^j in the classical Hardy 
inequality (see [18, Lemma 2.1]. Collecting the above inequality with the one proved in Step 1, we 
find I(Si) = (^) 2 . 

Step 3: The infimum I (Si) is not attained. 

Arguing by contradiction, assume that the infimum I (Si) is achieved by some u £ I? 1 ' 2 (R A '). 
We can assume that u > (otherwise we consider \u\ which is also a minimizer by evenness of the 
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quotient). Hence from (29) and (30) 

sN 9,2 I \Vu(v)\ 2 dy I \Vu*(y)\ 2 dy 

( N - 2 y = Jr^ > Jun / N - 2 y 

y 2 J f ( f ._, , l2 dy \ J . . " f \u*(y)\ 2 ~\ 2 J ' 

T / u y i — ^2 ) da ( x ) / ' rw d v 

JSi V J ft* \x-y\ 2 J J r n \y\ 2 

Therefore the above inequalities arc indeed equalities and this implies that the infimum 

\Vu(y)\ 2 dy 

< 32 > irr)' 



'N-2\* 

ml 

uGl> 1 ' 2 (R JV )\{0} 



\yr\u(y)rdy 



which yields the best constant in the classical Hardy inequality, is achieved by u* . Since it is known 
that the infimum in (32) cannot be attained (see [28, Remark 1.2]), we reach a contradiction. ■ 



4. The Palais-Smale condition under Z k x SO(N - 2) and SO(2) x SO(iV - 2)-invariance 
Let us define the functional J k : V 1,2 (M. N ) — > R associated to equation (2) as 

(33) Mu)=-f \Vu\ 2 d x -^f ^>d X 

2 Jrn 2 J r n \x\ z 

The choice of location of the singularities ensures that J k is Z k x E>Q(N — 2)-invariant. Since 
Z k x §0(iV — 2) acts by isometries on T> 1,2 (M. N ), we can apply the Principle of Symmetric Criticality 
by Palais [24] to deduce that the critical points of J k restricted to T> k ' (R ) are also critical points 
of J k in I? 1 ' 2 (R Ar ). Therefore, if u is a critical point of J k in T> k ' (R N ), u > outside singularities, 
then v = >Sfc(Ao, Ai, . . . , A^) 1 ^ 2 ~ 2 ^u is a solution to equation (2). 

The following theorem provides a local Palais-Smale condition for J k restricted to T> k (WL N ) 
below some critical threshold. We emphasize that the invariance of the problem by the action of 
a subgroup of orthogonal transformation allows to recover some compactness, in the sense that 
concentration points of invariant functions must be located in some symmetric way, thus reducing 
the possibility of loss of compactness. The restriction on dimension N > 4 is required to avoid the 
presence of possible concentration points on {0} x l^" 2 . Indeed when N = 3, SO(N — 2) = SO(l) 
is a discrete group, making thus possible concentration at points on the axis {0} x R. 

We mention that the Concentration- Compactness method under the action of x SO(N — 2) 
was used by several authors to find fc-bump solutions with prescribed symmetry for different classes 
of nonlinear elliptic equations: nonlinear Schrodinger equation in [29], nonlinear elliptic equations 
in symmetric domains in [4] , nonlinear elliptic equations of Caffarelli-Kohn-Nirenberg type in [6] , 
and elliptic equations with Hardy potential and critical growth in [28]. 

Theorem 4.1. Assume N > A and A+ + fcEjli x t < ~ ■ Let i u n}neN C Pj.' 2 (R N ) be a 
Palais-Smale sequence for J k restricted to T> k ,2 (Jl N ), namely 

lim Jk(u n ) = c < oo itiR and lim JL(u n ) = in the dual space (T>}' 2 (WL N ))* . 

n — >oo n — 'oo 
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If 



^ 1=1 ' 



then {iin}neN has a subsequence strongly converging in 



Proof. Let {u„}„ e N be a Palais-Smale sequence for Jk in 2? fe ' (R^), then from Hardy's and 
Sobolev's inequalities it is easy to prove that {u„}„ e N is a bounded sequence in V 1,2 (R N ). Hence, 
up to a subsequence, u n uq in2? 1,2 (R JV ) and u„ — ♦ uq almost everywhere. Therefore, from 
the Concentration Compactness Principle by P. L. Lions (see [22, 23]), we deduce the existence 
of a subsequence, still denoted by {«„}, for which there exist an at most countable set J , points 
Xj <E R w \ {0, af , 1 < i < k, 1 < £ < m}, real numbers u. x , v x . , j G 3 , and ^Oi AV ! *V > 7a f i 
i = 1, . . . , fe, £ = 1, . . . , m, such that the following convergences hold in the sense of measures 

m h 

(35) |Vu„| 2 dfi > |Vu | 2 + Mo*o +EE^*«! + El 

(36) |m„| 2 - i d^ = |it | 2 + ^o<$o + E] El + El ^ ^ ' 

£=1 i=l je.7 

(37) A f%-d 7 o = Ao-^+7o^o, 



(38) A £ - ^4— ^ dj a t = \ e - ^-jtk +1 a t5 a t, for any i = l,...,fc, £ = l,...,m. 

From Sobolev's inequality it follows that 

2 2 

(39) SV^J < for all j £ J and SVa* < (i a . f° r all i = 1, . . . , fc. 

Possible concentration at infinity of the sequence can be quantified by the following numbers 

(40) Voa = lim limsup / \u n \ 2 dx, /loo = lini limsup / \X7u n \ 2 dx, 

R-^oo „^oo Jl x l >R R^oc n ^co Jl x l >R 



and 



>\x\>R n-^oo n^oc J\ X \>R 

f m U 2 

lim limsup / (Ao + fc> XA—^dx. 

Let us first prove that possible concentration points are located in a symmetric fashion. Pointwise 
convergence of u n e P^' 2 (R N ) to «o implies that u is invariant by the Zj. x SQ(7V — 2)-action, 
hence u £ T>l' 2 (R N ). Moreover, for any 4> G C {R N ) and for any r G Z fc x SO(iV - 2) we have 

Kf 0= / \u n f(4>OT^) 
JR N 

that, passing to the limit as n — > oo, yields 

m fc m k 

E)E)i/ ^(of) + 51 ^^(^) = ^EX^( T_1 ( a i)) + El ^^(r- 1 ^)). 

£=1 i=l j£j £=1 i=l j6j 
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Choosing <j> = 4>' i e such that 4> e i£ = 1 on B(af,e/2), $ jE = on R N \ B(aj,e), < </>( e < 1, and 
letting e — > 0, wc find that v a i = i^-i/^s. Hence we deduce that for any £ = 1, . . . , m there exists 
i^6l such that 

v a i = ir a for any i = 1, . . . , k. 

Fix j €j and let cf> = cf> jiE such that cf) jtE = 1 on B(xj,e/2), <f> j>s = on R Ar \B(a; :) , e), < <£j, E < I. 
Letting e — > 0, we find that 

(i) cither v Xj = 

(ii) or for any t e Zfc x SO(iV — 2) there exists i G J such that r(xj) = X{. 

When TV > 4, SO(N - 2) is a continuous group, hence for any x M 2 x {0} C R N , the set 
{t(x) : t G Z k x SO(AT — 2)} is more than countable. If alternative (ii) holds, from at most 
countability of J we deduce that Xj G R 2 x {0} C R N . Moreover, arguing as above we can prove 
that if r(xj) = Xi for some r G Z k x SO(iV — 2) then i/^ = i/j,. . Hence we can rewrite (36) as 

m k k 

\u n \ 2 -^dv=\u \ 2 + v 6 + v i 5 < + v y Y S yf 

g=\ i—\ eec i=i 

where £ is an at most countable set, 

{yf : i = 1, . . . , fc, I G £} C {xj : and ^ = e 2 ^/^. 

Concentration at non singular points. We claim that 

/ S \ W / 2 

(41) J is finite and for j £ J either ^ = or v x > ( — — — — - 

\&k{Ao, Ai, . . . , A m )/ 

Indeed, if z/^. > 0, we have £j = yf and v Xj = v l y for some 1 < s < k, i G C. For e > 0, let </>f be a 
smooth cut-off function in P,' (M^), < <fi\{x) < 1 such that 



4>\{x) = l if are ys(j/f,|), #(x)=0 if z |J fl(l£e), and |V^| < 1 

i=l i=l 

Testing J' k {u n ) with it n <^f we obtain 

k 

= lim lim (J' k (u n ), u n (f) E e ) > V*/v ~ kSk(Xo, A-i, ■ ■ ■ , A m )iA 

i=l 

By (39) we have that S(Vy)& < /J, y e, then we obtain that z/ > ( s k (\ A^ — A - ^)^ 2 ' Hence either 

v Xj = or v Xj > ( g fc (^ a^, — a — j)^ 2 ' wri ich implies that is finite. In particular also C is finite. 
The claim is proved. 

Concentration at vertices of polygons. We claim that 
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In order to prove claim (42), for each i = 1,2, ... ,k and £ = 1, 2, . . . , m we consider the smooth 
cut-off function cf) ie satisfying < 4>i^ e {x) < 1, 

4M = l if af| < |, < 6 (x)=0 if|x-af|> E> and |V< B | < 1 
From (19) wc obtain that 

J RJV \V(u n (/>i e )\ 2 dx - X e J RN \x-ai\- 2 \<j>l E \ 2 u 2 n dx 



2/2* 



> S(X e ) 



(Jb« \<t>i,e u n\ 2 ' 

hence passing to limit as n — > oo and e — * we obtain 

(43) /v > M +S(X i )(iyi) Vr . 

For £ > 0, let ipf be a smooth cut-off function in I?^' 2 (E Ar ), < ipf(x) < 1 such that 

fe fe 
1>i(x) = l ifxe ys(af,|), ^f(x)=0 ifx^U fl (°i' e )' and l V ^ll<-- 

Testing J' k (u n ) with and letting n — > oo and e^Owc infer that 

fe k 

(44) Pai - H 7af < fc5fe(A , Ax, ... , A m )i/ a . 

i=l i=l 

From (43) and (44) we derive (42). 
Concentration at the origin. We claim that 

Sfc(Ao) \ N / 2 



(45) either vq = or Vq > 



Sk(Xo, Ai, . . . , A m ) 



In order to prove claim (45), we consider a smooth cut-off function € I?^.' 2 (]R Ar ) satisfying 

o< < i, 

= ! if|*l<|. ^o(^)=0 ifN>£, and |V^gJ < |. 
From (22) we obtain that 

/rat |V(u„Vo)| 2 ^- A / kjv |x|- 2 |Vg| 2 u2 rfx 



2/2* 



> MAo) 



hence passing to limit as n — > oo and e — > we obtain 

(46) Mo>7o + ^fe(Ao)(^o) 2/2 *- 

On the other hand, testing J!(u n ) with u n ipQ and letting n — > oo and e — > wc infer that 

(47) /Uo -70 < Sk(Xo,Ai,...,A m )v . 
From (46) and (47) we deduce (45). 
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Concentration at infinity. We claim that 

(48) either Voo = or Voo > — , a A 

In order to prove (48), we study the possibility of concentration at oo. Let ipR be a regular radial 
cut-off function such that 

o<^(*)<i. **(*)={;; V\T<™ and lw,fil -I- 

From (22) we obtain that 

(49) -jj^ > S k (^Ao + k J2e=i A* J ■ 

[J r n \lpRUn\ 2 *) 

Taking limsup astnoo and limit as R — > +oo, standard calculations yield 

(50) Moo - 7oo > Sfc (Ao + k A<) ^ /2 * • 
Testing J' k (u n ) with Untpu and letting n — > oo and i? — > +00, we obtain 

(51) < 5fe(Ao, Ai, . . . , A 
Claim (48) follows from (50) and (51). 

As a conclusion we obtain 

1 1 f 

(52) c= J k (u n )- -(J k (u n ),u n ) +o(l) = — 5 fc (Ao,Ai,...,A m ) / |u„| 2 di + o(l) 

Z iV ./»» 



5fc(A ,Ai,...,A ■I'll 



N 



1 



From (34), (41), (42), (45), (48), and (52), we deduce that v Q = 0, ^ = for any £ e C, v% = 
for any i = 1, . . . , to, and = 0. Then, up to a subsequence, u n — > up hi I??.' 2 ' 



The functional J : I? ' (M ) — > R associated to equation (4) is 
(53) J(«)4/ \Vu\ 2 dx-^[ 



^ 2 7 R iv v 7s r£ f - y\ J 2 V 

The functional J is SO (2) x SO(iV - 2)-invariant. Since SO(2) x SO(N - 2) acts by isometries on 
T> 1,2 (M. N ), the Principle of Symmetric Criticality by Palais [24] implies that the critical points of 
J restricted to T>^ 2 C (M. N ) are also critical points of J in 2? 1,2 (R Ar ). Therefore, any critical point of 
J in T> c l IC (R N ) provides a solution to equation (4). 

The following theorem is the analogous of Theorem 4.1 for J restricted to 2? ci ' rc (R^ ) . However, 
the fact that the singularities arc spread over circles instead of being concentrated at atoms reduces 
the possibility of lack of compactness. Indeed, according to P.L. Lions Concentration-Compactness 
Principle, possible forms of "non compactness" which can cause failure of Palais-Smale condition 
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are loss of mass at infinity and concentration at an most countable set of points. When considering 
J restricted to 2? c j rc (M. N ) , it turns out that if a; is a concentration point of a Palais-Smale sequence, 
then all points of the orbit 0(x) ={ti: t <G SO(2) x SO(N — 2)} must be concentration points. 
On the other hand, when N > 4 both groups SO(2) and E>Q(N — 2) are continuous, hence the only 
point x for which 0{x) is at most countable is the origin. Hence concentration can occur only at 
and at oo. 

We mention that action of this type of groups was considered in [2] to find nonradial solutions 
to a Euclidean scalar field equation. We refer to [30, §1.5] for a discussion on the relation between 
symmetry and compactness in variational problems. 

Let us define 



(54) Scire (A ) = inf 



\Wu\ 2 dx-Xn I ^^dx 



u£0 / \u\ dx I 

V JWL N J 

The following theorem provides a threshold up to which J satisfies Palais-Smale condition. 

Theorem 4.2. Assume N > 4 and A+ + Ejli A / < (N ~ 2}2 . Let {u n } neN C T>l? c (R N ) be a 
Palais-Smale sequence for J restricted to P ci ' rc (R' v ), namely 

lim J(u n ) = c < oo in R and lim J'(u n ) = in the dual space (T>^ (R. N ))*. 

n — *oo n — >oo 

If 

(55) c< 5circ(A ° lAl --' Am)1 " f min(s circ (Ao),5 circ (A + f;A < )r, 

^ i=i ' 

then {u„}„ e N has a converging subsequence in D^ C (WL N ). 

Proof. Let {u n } be a Palais-Smale sequence for J in D ^ (M. N ), then from Sobolev's inequal- 
ity and (6), it is easy to prove that {u n } is a bounded sequence in T> 1,2 (J&. N ). Hence, up to a 
subsequence, u n — 1 uq in T> 1,2 (M. N ), u n — > uq almost everywhere, and, from the Concentration 
Compactness Principle by P. L. Lions [22, 23] 

(56) |Vu„| 2 -+dfi> \Vu \ 2 + fioSo + Y, 

(57) |u„| 2 -^dv = \u \ 2 + VqSq + + ^ Vx^xji 



,2 „,2 



(58) A d 7o = A + 70^0 

\x\ \x\ 



where J is an at most countable set, Xj <G M. N \ {0}, fi Xj , v Xj £ t, j € J, /Uoi^OiTo € R, and the 
above convergences hold in the sense of measures. We quantify how much the sequence concentrates 
at infinity by the quantities v aol /ioo defined as in (40) and 



7o 



f m u 2 

lim lim sup / (A0+7 kA—^dx 

R^oo J\ X \ >R V / |x| 2 
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From pointwise convergence of u n G V\? C (R. N ) to u we deduce that u is invariant by the S©(2) x 
SO(iV - 2)-action, hence u £ Vl? c (R N ). Moreover, for any G C (R N ) and for any r G SO(2) x 
SO(iV - 2) we have 

\u n f(f>= [ KftyoT- 1 ) 
that, passing to the limit as n — > oo, yields 

jej jej 

Arguing as in the proof of Theorem 4.1, we deduce that for any j € J , either v x . — or for any 
r G SO(2) x SO(N — 2) there exists i G J" such that r(x J ) = Xi. Namely, if for some j G J", 7^ 0, 
then 0(£j) C {x^ : i £ J}. When N > 4, this is not possible since J is at most countable whereas 
0(xj) is more than countable. Therefore v x . = for all j £ J and we can rewrite (57) as 

\u n \ 2 dv = |u | 2 + v q 5q. 
Concentration at the origin. We claim that 

5 circ (A ) \ N / 2 



(59) either v Q = or i/q > 



Scire 

(A ,Ai,...,A m ) 



In order to prove claim (59), we consider a smooth cut-off function ipfi £ T^ c i IC (R N ) satisfying 
0< Vo(*) < 1, 

r (x) = l ifN<|, tfg(s)=0 ifN>£, and [V^g[ < 1 
From (54) we obtain that 

J KJV |V(u„Vo)l 2 ^- A o/ M iv |a;|- 2 |^§| 2 ^da; 



hence passing to limit as n — > 00 and e->0we obtain 

(60) Mo > 7o + Scire (Ao)^) 2/2 • 

On the other hand, testing J'(u n ) with u n ip^ we obtain 

\Vu n \ 2 %+ [ UnVUn-VVS-Ao ' 
«n(v)V^(tf) 



> Scire (Ao) 



|x - y\ 2 

In view of (7) , for e small we have 

JR» V JSr 



r« M 2 

da(x)\ dy- S c i IC (X ,A 1 ,,..,A m ) ipo\u n \ 2 = o(l). 



v 7 / 47 / // O io\ o a 01 / 1 o 



a - 2/1 / Vrjv ^(r 2 + \y\ 2 ) 2 - 4r 2 \y'\ 2 

2(..\.uet„.\ 1 r / r \ 2 / 2 
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therefore letting n — > oo and f->0we infer that 

(61) Mo - 7o < S ciTC (X , Ai, . . . ,A m )i/ . 

From (60) and (61) we deduce (59). 

Concentration at infinity. We claim that 



(62) 



either = or Voq > 



"Scire (Ao + J2T=i ^ 



N/2 



( <5'circ(Ao, Ai, Aa, ■ ■ ■ , A TO ) _ 

Indeed, let i/jr be a smooth radial cut-off function such that < iPr(x) < 1, tpu(x) = 1 if |x| > 2i?, 
- 0i?( a; ) = if |x| < i?, and |V^_r| < 2/i?. Using (5) and taking limsup as n — > oo and limit as 
R — > +oo, it is easy to show that 

(63) Moo ~ 7oo > -Scire f A + XX i K^ 2 • 

On the other hand, testing J'(u ra ) with u n ?pR we obtain 



(64) / \Vu n \ 2 ip R + / it„Vu„ • Wij - A 



7~f V JSr 



da(x) ) dy - S c i IC (X , Ai, . . . , A m ) / ^fl|n„| 2 = o(l). 



/s. € \ x - yl 

Let _R > max{r^ : I = 1, . . . , m}. If i? > -R, in view of (7) we have for all I = 1 ,m 



i < 

Jk. I 



(y) V'fi(y) _ u i(y) ^niv) 



x - y| 



\y\ 



\y\ 



< «n(y) My) zL 6 M 2 + r2 < u 2 n (y)M v) ^R 4 



\y\ 



\y\ 2 \y?-r\ 



\y\ 



R 2 -rj 



Since 



we deduce that 



u 2 n {y)My) dy < J_ 



/ / 

Jvl n Js, 



r« 12/r 
«n(y) My) 



R? 



const 



da(x) dy 



\y\>R \V\* R2 R ^+°° 

u 2 n (y) My) 



\y\ 



is re \ x - y\ 

Therefore, letting n — ► 00 and i? — * +00 in (64), we obtain 

(65) Moo Too 5: <S c irc(Ao, Al, ■ ■ ■ , A m )l/ 

Claim (62) follows from (63) and (65). 
As a conclusion we obtain 

laa\ it \ \ \ 1 h - ! •S c irc(Ao, Ai , . . . , A Jra ) 

(66) c= J(u„) - -(J (ii„),u„) +o(l) = — 



dy + o(l) as i? — > +00. 



|u | 2 *d.T + 1^0 + ^0 



From (55), (59), (62), and (66), we deduce that vq = and = 0. Then, up to a subsequence, 

circ \ 
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5. Interaction estimates 



For any u £ T> ' (R ), let us consider the family of functions obtained from u by dilation, i.e. 



(67) 



Ufj,(x) = fi 2 u(x/n), fi > 0. 



The following lemma describes the behavior of J \x + £| 2 |it A | 2 as /i — > for any solution u x of 
equation (16). We mention that estimates below were obtained in [14] for radial solutions to (16) 
(i.e. for functions in (17)). 

Lemma 5.1. Let u x £ 2? 1,2 (R A ') be a solution to (16). For any £ £ M. N there holds 

^J RN \u x \ 2 dx + o(fi 2 ) if\< 

{n^f^A+o^ln^) ifX = 



, A 1 2 



N(N- 


-4) 


4 




N(N- 


-4) 


4 




N(N- 


-4) 



as /x — ► 0, where 

/3a, Ar = 

Proof. We have that 

,,,A|2 

(68) 



(/.(' 



I^p^ _ ei |iV-2+V(JV-2) 2 -4A 



, ei = (i,o,...,o)e 



,A|2 



,A|2 



A(7V-4) 

we deduce 



,A ^ r 2 /"up A 



dx + /j, 



,A|2 



| x]> M |^ + C| 2 



da;. 



For A < iliilzSi, f rom (25) we have that u x £ L 2 {R N ). From (25) and [14, Proof of Lemma 3.4] 



\u x (x)\ 2 



\x\<i 



A\2 



< «(« ) 



as /i — > and hence, since u x £ L 2 (M. N ), 



l/ix + CI 2 ICI 2 



dx 



l^ + ei 2 l^ 2 



gLt = o(l) 



(69) 



| U A (z)| 2 



r/.r 



1 



Ia^ + CI 2 \€\ 2 J\ x1< imi 



|u A (x)| 2 dx + o(l) = 



On the other hand, from [14, Proof of Lemma 3.4] we have 

,A|2 

.M2..2-AT 



u A (a;)| 2 cfe + o(l). 



(70) 



|x|> 



\ZL \fix + £,\'- 



■ < k(u x Yh z 



'|*-f|>m 
0(^^- 2 ))= ( M 2 ). 



From (68), (69), and (70) we deduce that 



,A|2 



dx=-j^f \u x (x)\ 2 dx + o(n 2 ). 
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For A = ^ 
(71) 



, from (25) and [14, Proof of Lemma 3.4] we deduce that 



\u\x)f 



dx 



1 



lxl< m- ■ \^ + t\ 2 \t\ 2 

On the other hand, from (24) we obtain 



\u x {x)\ 2 dx + 0{l). 



\x\<{ 



(72) 



\u x (x)\ 2 dx 



K|x|<m 
Koo (u A ) 2 



\u x {x)\ 2 dx 



K\x\<{ 



u x (x)\ 2 dx 



>\x\<l 

' N dx + O 



-N-2a 



K\x\<l 



dx +0(1) 



= Koo ( M A ) 2 |ln M |+0(l). 
Arguing as above (see (70)), we obtain 



(73) 



,A|2 



\x\> 



m \nx + £\ 2 



dx = 0(/i 2 ). 



Gathering (68), (71), (72) and (73) we deduce that 



,A 12 



■ dx = Kooiu ) 



A 2 M 2 |lnM| 



For A > NlyN , 4 " > , in view of (24) we have that 



(74) 



,A|2 



dx = M ^(JV-2) 



>4(« A ) 



T,iV 



| a .|2| a ._£p-2)(l+„ A ) 



+ 0(1) 



r/,r 



As observed in [14, Proof of Lemma 3.4], the function 



p(0 



| a; |2| x _£|(jV-2)(l + I , A ) 



can be written as 

(75) = ier^ (Ar - 2)2 - 4 V(e/iei) - ier V(JV - 2)2 - 4 V(ei). 

(74) and (75) yield the required estimate for A > M^^il g 

Let us now study the interaction between two minimizers of (19), i.e. functions z x in (20), centered 
at different points as /i — > 0. To this aim we note that a direct calculation yields 

(76) z x (x) = \x\~^ 1+ ^ [a x ,N + 0(\x\- a )] , 

(77) Vz x (x) = \x\-^~ v ^x[ ~ ax,N^{l + v x ) + 0(|a;|- Q )] , 

for all < a < 2v\. From (20), (76), and (77), it is easy to deduce the following result. 
Lemma 5.2. For any A G (0, (N - 2) 2 /4) and f , C G M w ; £ ^ 0, tftere ZioWs 



g^Wf^Cg + ^ _ ^/(Af-2) 2 -4A 



l* + Cl 2 



2 



(7,r 



0(1) 
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Vz» • Vz*(* + dx = n^^[al N ^(1 + v^Mtr^^ + o(l) 
as fi — > ; where 

„ _ / £: (g + ei)da; _ , N 

7A, JV - / ,w+2, — jv^F! jv+2 ~ — w^T' ei — (1,U, . . . ,UJ € JK . 

Jm N \x\~ 2 yx — 6i I 2 ' A 2 

6. Comparison between concentration levels for J and proof of Theorem 1.3 

In order to compare the level <S c irc(Ao, Ai, . . . , A m ) with the level S'circ(Ao) of possible concen- 
tration at 0, we need the following lemma, which states that the infimum in (54) is achieved if 
N > 4. Such a result does not come unexpected, since it can be seen as the analogue of Lemma 2.1 
when k = oo; indeed when k becomes larger and larger, assumption <Sfc(A) < k 2/>N S of Lemma 2.1 
is weakened till it is no more needed in the limiting problem corresponding to singularities spread 
over circles. 

Lemma 6.1. For any Ao € (— oo, (N — 2) 2 /4) and N > 4, the infimum in (54) is achieved. 

Proof. Hardy's and Sobolev's inequalities imply that Scire (Ao) > (l — nv-2) 2 ) 1 ^ > 0- Let 

{u„}„ C I? ^(1^) be a minimizing sequence such that J RN \u n \ 2 = 1. By virtue of the Ekeland's 
variational principle we can assume that {u n } n is a Palais-Smale sequence for the functional 

F{u)= l -( \Wu\ 2 dx~^- [ K^^.^iM / l^f^, w6 ^(l^), 



2 J r n 2 _ 

i.e. 

lim F(u n ) = Schc [ X °^ i n R an d lirn F'(u n ) = in the dual space (Vh*(m. N ))*. 

n— <-oo jy n— *oo 

Let 

where cr n is chosen in such a way that 

(78) / \w n {x)f dx = f \u n {x)f dx = -. 

JB(0,1) JBiO^' 1 ) 1 



Scaling invariance ensures that {w n } n C D c l IC (M N ) is also a minimizing sequence for (54), 



circ 

(79) / \w n (x)\*dx = l, lim / (\V Wn ( x )\ 2 -\J^^)dx = S circ ^o), 

J R N n->+ozJ RN \ \ X \* J 

and 

(80) F'(w„) ^ in the dual space {V^ c (R N ))*. 

Since {w n } n is bounded in P 1 ' 2 (R A '), up to a subsequence w n converges to w weakly in T> 1,2 (M. N ) 
and almost everywhere. Pointwise convergence implies that w £ T> c ' irc (R N ). From the Concentra- 
tion Compactness Principle by P. L. Lions [22, 23] and taking into account that, when N > 4, 
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SO(2) x SO(N — 2)-invariant functions can concentrate only at and at oo, as already pointed out 
in the proof of Theorem 4.2, we have 

2 2 
* * IV IV 

(81) \Vw n \ 2 dfi > |Vw| 2 + ^ (5o, \w n \ 2 dv = \w\ 2 + vqSq, and cfy = — - + -y S . 

\x\ \x\ 

The amount of concentration at infinity is quantified by the following numbers 

= lim limsup / \w n \ 2 dx, /i^ = lim limsup / \Vw n \ 2 dx, 

R-^oo n^oc J\ X \>R fl— >oo n ~tcc J\ X \>R 



and 



7oo = lim limsup / -r—^rdx. 

R^oo „^oo J\ X \ >R \X\* 



Arguing as wc did to prove (60) and (63), we can easily obtain 

_2_ 

(82) v£ (no - A 7o) > Scire (Ao)i/o 
and 

2 

(83) (^oo - A0700) > S ( ai C {Xo)vS ■ 

Step 1: we prove that w ^ 0. By contradiction, assume that w = 0. Then from (79-81) we 
deduce 

(84) 1 = v Q + Voo 
and 



(85) S c i r c(Ao) = / dfi — \ d>y + ^ - A 7oo- 

Let ipR be a smooth radial cut-off function such that < i/jr(x) < 1, iPr(x) — 1 if \x\ > 2R, 
ijj R (x) = if \x\ < R, and \Vip R \ < 2/R. From (80), wc have 

o(l) = (F'(w n ),w n ip R ) 

|2„,, , f „„ V7„„ V7„l. \ f W ^R a (\ \ [ l„„ |2\ 



|Vw n | iI>r+ I w n Vw n ■ Vip R - A / — j — ^ S circ (A ) / \w n \ tp R . 

Jm n Jm n \ x \ 

Taking limsup as n — ► oo and limit as R —* +oo, we find 

(86) floe — A 7oo = Scire (Ao)^oo- 

From (85-86) it follows that 

(87) / dfj,-X d'f = 5 circ (A )(l - Voo) 

it" Jm N 

From (84), (82), and (87), it follows that 

1 - ^oo = < S circ (A ) _1 i' ( f (fj, - A 7o) < S circ (A ) _1 i' ( f ( 

= <( 1 -^oo) = (l-^oo) 1+ ^. 



24 



V. FELLI AND S. TERRACINI 



On the other hand, from (78) we have 

li/)_l 2 * dx < 1 - / I 2 * dx = 



w n \ 2 dx = 1 — / \w n \ 2 dx < 1 — / |w„| 2 = - for all R > 1, 



R N \{S(0,fl)} JB(0,R) JB(0,1) 

hence 

(89) i/oo < i. 

From (88-89) we deduce that ^ = 0. From (84) it follows that vq = 1. Therefore (78) implies 



w n | 2 — > di/(B(0,l)) = 1, 



1 

2 ./b(o,ii n ^°° 



thus giving rise to a contradiction. 
Step 2: we prove that 



/ \wf=l and / \Ww\ 2 dx-X a f dx = S chc (X ). 

Jr n Jr n Jr n \ x \ 

Let p = J RN \w\ 2 . From (81), we have that 1 = p + v a + and, in view of step 1, p G (0, 1], i.e. 
v a + v oo £ [0, 1). Since 



S'circ(Ao) = / rf/i-Ao/ C?7 + Moo - A 7o 



> f \Vw\ 2 dx - A / i^jl- da; + /i - A070 + ^oo - A0700, 
Jr« Jk« F| 

from (82), (83), and concavity of the function t h— *■ £ 2 / 2 we deduce 

/" /" \ W \ 2 _2_ _2_ 

/ |Vw| 2 dec - A / -j— fj da: < S' C i r c(Ao)(l - ^ - fJb ) < S , circ (A )(l - f o - ^oo) : 



5*circ(A )p 2/2 * < / \Vw\ 2 dx-\ [ J^Lrf: 



ji» Fl 2 

2 _2_ 

Hence all the above inequalities are indeed equalities; in particular (l — v^" ~v%^ ) = (l — v§ — v 
which is possible only when vq = — 0. Therefore p = 1 and 

2 



/* I I 

|Vw| 2 da;-Ao/ -j— rv da; = S'circ(Ao), 
Jw FT 



i.e. w attains the infimum. 



We now provide a sufficient condition for the infimum in (5) to stay below the level Scire (Ao), at 
which possible concentration at can occur. 

Lemma 6.2. Let Ao, A l5 . . . , A m G R, ri, r 2 , . . . , r m G R + satisfy (10). TTien 

Scire ( Ao, Ai, ■ ■ • i A m ) < S'circ(Ao). 

Proof. From Lemma 6.1, we have that S'circ(Ao) is attained by some u x " e T>l' 2 c (R N ). By 
homogeneity of the Rayleigh quotient, we can assume /|u A °| 2 = 1. Moreover, the function 
v x " = S'circ(Ao) 1 / ( ' 2 ~ 2 - ) |u A °| is a nonnegative solution to (16), hence we can apply Lemma 5.1 to 
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study the behavior of J RN i ^i. 
positive constant k 



dx as /i — * 0, where are defined in (67). Hence for some 



/ (/ 

JR N \ JSr 



\K°(y)\ 2 



\x - 2/| 5 



da(x) I dy 



J MN W^dx + o^) 
o(/x 2 |ln/x|) 



if A < 



~2 (J- I In Ml 

rv ! 5 



N{N- 


■1) 


4 




JV(iV- 


4) 


4 




7V(Ar- 


4) 



as /i — > 0, where [3\ ,n is defined in Lemma 5.1. Therefore 
(90) S circ (A ,Ai,...,A m ) 

</ |V<| 2 dy-A / ^^ y -f>/ (/ 



l<°(2/)| 5 



s r< 1^ — 2/1 



A, 



5'circ(Ao) — < 



ln H^ 2 (E^+°( 1 



£=1 



da(x)j dy 
if A < 
if A = 



A, 



+ o(l)) ifA >^i 



JV(iV- 


4) 


4 




JV(iV- 


4) 


4 




N(N- 


4) 


4 



- | r ^|V(JV-2)=-4Ao 

as /i — > 0. Taking sufficiently small, assumption (10) yields Scirt^Ao, Ai, . . . , A m ) < S'circ(Ao). 



Proof of Theorem 1.3. Let {u n } n C T>^ C (R N ) be a minimizing sequence for (5). From the 
homogeneity of the quotient there is no restriction requiring ||wn||L 2 *(R JV ) = !• Moreover from 
Ekeland's variational principle we can assume that {«„}„ C D ^ (NL N ) is a Palais-Smale sequence, 
more precisely J'(u n ) — > in (PV^R^))* and J(w„) — * ■^■S , c i rc (A A 1 , . . . , A m ). From assumption 
(9) we deduce that 



Scire (Ao) < S'chcf Aq + A 



(91) 



From Lemma 6.2 and (91), it follows that the level of the minimizing Palais-Smale sequence satisfies 
assumption (55). Hence from Theorem 4.2, {u n }nGN has a subsequence strongly converging to some 
mo £ T> C ^. C (R N ) such that J(uq) = -kS c i TC (Ao, Ai, . . . , A m ). Hence uo achieves the infimum in (5). 
Since J is even, also |uo| is a minimizer in (5) and then vq = S c i IC (Xo, Ai, . . . , A m ) 1 ''' 2 ~ 2 )|ito| 
is a nonnegative solution to equation (4). The maximum principle implies the positivity outside 
singular circles of such a solution. ■ 
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7. Limit of Sk(X) as k — ► oo. 
Since ©^(R*) C Pj^R^), for any A G (-00, (n - 2) 2 /4), there holds 
(92) < S(X) < S k (X) < S circ (A). 

From (92) and Lemma 2.1, it follows easily the following result. 

Lemma 7.1. Lei A G (-00, (n-2) 2 /4) and N > 4. Tfoen ttere exists k = k(X,N) such that Sk(X) 
is achieved for all k > k. 

Let us now study the limit of Sk(X) as k — > 00. Theorem 7.3 provides convergence of <Sfc(A) to 
^circ (A)- To prove it we will need the following proposition. 



Proposition 7.2. Let X G (—00, (n — 2) 2 /4) and let {wk}k be a sequence in 2? 1 ' 2 (R iV ) such that 
w k G Vl' 2 (R N ), 

(93) / \w k f =1, Qx(w k ) = S k (X), 



and Wk converges weakly to in D 1,2 (M. N ) (at least along a subsequence). Then, for any r > and 
s G (— r, r), t/iere exists p such that < |p| < |e| and , /or a subsequence, 

either f \Vw k \ 2 ^ 0, f K| 2 *^0, and [ -y^ ► 0, 

iB(0,r+p) JB(0,r+p) JB(0,r+p) \ x \ 

\Vw k \ 2 ^0, [ \w k \ 2 '^0, and f J^f - 0. 

R w \B(0, r+p) J]R«\B(0,r+p) JR«\B(0,r+p) Fl 

Proof. An analogous result is proved in [28] for minimizing sequences of quotient (19). Since the 
proof of Proposition 7.2 is similar, we will be sketchy. 
Let e G (0, r) (the proof for e negative is similar). Since 

+ dp f \Vw k \ 2 = f \Vw k \ 2 , 

JdB(0,p) JB(0,r+e)\B(Q,r) 

we can choose p G (0, e) such that, for infinitely many A;'s (i.e. along a subsequence still denoted 
as {w k }k) 



(94) / \Vw k \ 2 < - [ \Ww k \ 2 

JdB(0,r+p) £ J B(0,r+e)\B{0,r) 



From the uniform bound of Sk(X) (see (92)) and equivalence of Q\ to I? 1 ' 2 (R Ar )-norm, it follows 
that 

(95) / |Vu>fc| 2 < const Q\(w k ) = const Sk(X) < const. 

J B(Q,r+e)\B(0,r) 

From (94-95), it follows that {wfc| aB( . r+p ^] k is bounded in H 1 (dB(0,r + /?)). By compactness of 
the embedding H 1 {dB{0,r + p)) ^ H 1 / 2 (dB(0, r + p)) and weak convergence to 0, we conclude 
that, up to subsequence, {wfc| as / r+p \\k convcr g es strongly to in H 1 / 2 (dB(0, r + p)). 
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Let ii^ (respectively w 2 ,) be the harmonic functions in -6(0, r + e) \ B(Q,r + p) (respectively 
5(0, r + p)\ B(0, r - e)) such that 



w l = w k ondB(0,r + p), \ w 2 . = w k on 55(0, r + p), 
wl=Q onc»5(0,r + £), W = on SB(0,r-e). 



By continuity of A 1 we have that w\ — ► strongly in H 1 (B(0, r + e)\ B(0, r + p)) and w 2 . — > 
strongly in i/ 1 (i?(0, r + p) \ 5(0, r — e)). Moreover symmetry properties of boundary data ensure 
that w\,w\ € T>^ 2 (M. N ). Let us now set 

'u\ = w k in5(0,r + p), ( u 2 k = w k in R N \ 5(0, r + p), 

u\ = w\ in B(0,r + e)\B(0,r + p), < u 2 k = wl in 5(0, r + p) \ 5(0, r - s), 

ul = in R N \B(0,r + e), U| = in B(0,r - e). 
Direct computations yield 

Qx(ul)=S k (X) [ \w k \ r dx + o{\), 

JB(0,r+p) 

Qx(u 2 k) = S k {X) f \w k f dx + o(l), 

JWL N \B(0,r+p) 

Qx(ul) + Qx(u 2 k ) = S k (X) [ Kf dx + o(l) = S k (X) + o(l) = Qx(w k ) + o(l), 

l\ r dx+ f \u 2 fdx = f \w k \ r dx + o(l). 
Jr n Jr n 

We claim that either Q\(u\) — > or Q\{u 2 k ) — > along some subsequence. Indeed, assume that 
Qx{u\) -/* along any subsequence, i.e. Q\{u\) stays bounded below away from 0. From above, 
(93) and (22), it follows 

QaK) _ Qx(w k )-Qx(u 2 k)+o(l) Qx(wk)~Qx(uj) + o(l) m 

IKII 2 * (ii^m: - ||«in§: + (i)) 2/2 (QaK) 2 */ 2 - QaK) 2 */ 2 + °(i)) 2/2 

in contradiction with (22), unless Q\(u 2 ) — > along some subsequence. The claim is thereby 
proved. The statement of the proposition follows from equivalence to norm of Q\, Hardy's and 
Sobolev's inequalities. ■ 

Theorem 7.3. Let X 6 (-oc, (n - 2) 2 /4) and N > 4. Then lim fe ^ +0O # fc (A) = S , circ (A). 

Proof. From Lemma 7.1 we know that, for k sufficiently large, S k (X) is achieved, hence there 
exists some u k € T>l' 2 (R N ) such that 

2" 



l«*r =1 and Qx(«fc) = 5 fc (A). 

From the uniform bound of S k (X) (see (92)) and equivalence of Qa to P 1,2 (]R Ar )-norm, it follows 
that {u k } k is bounded in T> 1,2 (M. N ). Let us set 

N-2 / X \ 1 

(96) {i fe (x) = i? fc 2 Mfe — and w fc (ar) = (S fc (A))^%(z) 
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where R k is chosen such that 



\Vu k (x)\ 2 -X 

'B(0,R k ) . 

Invariance by scaling yields 
(97) 

(98) 
and 
(99) 



Ms) I 5 



dx = J 






fL»\B(0,R k ) . 



|V Mfe (a:)| 2 -A 



\u k (x)\< 



dx = -S k (X). 



\u k f 



kl 2 =(s k (x)y 



Qx(u k ) = 5 fc (A), 
Qx(v k ) = (S k (X))%, 



\Vv k (x)\ 2 -X 



dx = 



Vv k {x)\ 2 -X 



\Mx)\ 



2 1 



dx = ±(S k (X))% 



B(0,1) L PI J JR N \B(0,1) 

Invariance by scaling also implies that {u k } k is bounded in T> 1,2 (R N ), hence there exists a subse- 
quence (still denoted as {u k } k ) weakly converging to some uq in D 1 ' 2 (E Ar ). 

Claim 1. We claim that uq ^ 0. Assume by contradiction that uq = 0. Using Proposition 7.2 
for sequence u k with r = 1 and e = ±| and taking into account (99), (92). and (96), we deduce 
that there exist p + S (0, 1/4) and p~ E ( — 1/4,0) such that, up to a subsequence, 

12 



(100) 
(101) 



s(o,i+p-) 



|Vu fe | 2 ^0, 



0, and 



B(0,l+p-) 



0, 



T \B(0,l+p+) 



|V Ufe | 5 



0, 



1 2* 



>B(0,l+p 

0, and 



'\B(0,1+P+) \ X \" 



0. 



J"\B(0,1+P+) 

Note that weak convergence of u k — in I? 1,2 (R Ar ), (92), and (96), imply weak convergence of 
v k in 2? 1 ' 2 (R Ar ). Let ?y be a smooth radial cut off function such that < r\ < 1, 77(2;) = 1 for 
1 + p~ < \x\ < 1 + p + and 7/(x) = for |x| £ [3/4, 5/4]. Set := r)V k . Clearly C fc e ©^(K^). By 
choice of 77 and (100-101) we have 

Qx(vk) = Qx{vk) +o(l), ||wfe - Ufe||x)i.2(RJV) = o(l), / |w fc | 2 =/ 

JS. N JR 

Let us define 
1 
2 



1 2* 



0(1). 



/(«) 



IVul 



1 



B(0,5/4)\B(0,3/4) 



B(0,5/4)\B(0,3/4) 



M 2 *, u S ^(5(0, 5/4) \ 5(0, 3/4)). 



From (100-101), (92), and (98), it is easy to verify that 

f'(v k ) - in (2? 1 ' 2 (M JV ))* and f(v k ) = ±(S k (X)) N / 2 + o(l) < l^^A))^ 2 + o(l), 

i.e. Uft is a Palais-Smale sequence for / in Hq(B(0, 5/4) \ B(0, 3/4)). From Struwe's representation 
lemma for diverging Palais-Smale sequences [27, Theorem III. 3.1], we deduce the existence of an 
integer M £ N, M sequences of points {x\} k C 5(0,5/4) \ B(0, 3/4) and M sequences of radii 
{R l k }k, i= 1, ■ ■ ■ j M, such that lim^ R l k = +00 and 

M 

(102) v k (x) = Y^i-RD^voiRHx-xl)) +K k {x) where TZ k -> in 2? 1 ^ 2 (R JV ), 
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vq = Wi and is the Talenti-Aubin function in (17). Let us consider the sequence {x\}k] up 
to subsequence we can assume that it converges to some point x 1 C 5(0, 5/4) \ B(0, 3/4). Let us 
write x 1 = (z b j/i) e I 2 x 1 N " 2 where z\ = \zi\e s ^ . 

Let us first assume that \z\\ ^ 0. We fix J £ N and for any i = 1, 2, . . . , J we set 

S> = {(*,») = (kle^.y) G M 2 x R^ 2 : 6-^-^ < 9 < §+^±^L 

Note that x 1 € S\ and there exists S = 6(J) > such that 

B{x\5) C ((Ne e ^\y) G R 2 xl" : g- ( 2i ~ 1 ) 7r <g<^ - < 2i + ^ 



2J 2J 
Choose fc = fc(<J) such that for all k > k 



xl = {zl,vl)&B(x\^ and (i?*)" 1 < 



2' 



Moreover, if fc is chosen sufficiently large, for each i = 1, 2, . . . , J it is possible to find t£ g such 
that (rlzi,yi) stays in the middle half of Si, i.e. 



(r^i,yi)e |(z,y) = (|z| e ^-i i y) eE ^ x ] R ™-, . 6 _ v _^ < fl < 
Hence 

B((^i,yi)^)cS, (T£4,^)eB((T^ l!yi )^) 

and consequently 
which yields 

i?(Kzi,^),(i?^)- 1 )c^. 

In particular the J balls B((rlzl, y\), (Rl) -1 ) are disjoint, hence, by symmetry properties of Vk 
we have that 



On the other hand from (102) we have, for k large, 

sK.ca*)- 1 ) 



> / (Rl) N \v (Rl(x-xl)r - / |ft fc | 2 >- 



2* \ \ 1 / ~2* 



Therefore 



(5 fc (A)) w / 2 + (l)>^ 



v 2 : 





B(0,1) 
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V. FELLI AND S. TERRACINI 



and, in view of (92) 

(s ciIC W) N/2 > ± I vl'. 

A JB(0.1) 

Letting J — > +00, we find a contradiction. Claim 1 is thereby proved in the case \z\\ 7^ 0. The case 
\zi\ =0 can be treated exploiting the radial symmetry of functions u k in the last N — 2 variables 
with a similar argument (even simpler due to the stronger symmetry). 

Claim 2. We claim that uq G T>l? c (WL N ). We first note that u k satisfy the equation ~Au k — 
AyljS = SkWtik ■ From (92), we can assume that Sfc(A) — ► £ G (0, +00) at least for a subse- 
quence. Hence, due to weak convergence of ii k Uo, we can pass to the limit in the equation 
to find that uo satisfies the equation — Auo — = Luq ~ . By classical regularity theory for 

elliptic equations, we deduce that uq is a smooth function outside the origin. 

Let R > 0. Assume that there exist (zi,y), (z 2 ,y) G B(0,R) n (M 2 x R* -2 ), \zi\ = \z 2 \, such 
that uo(zi,y) 7^ uq(z 2 , y)- Then there exist S > such that fio(x) 7^ uo(y) for any x € B({z\,y), 5), 
y G B((z2,y),S). Let < e < ^ |£?(0, Since, up to a subsequence, it^ — ► u a.e. in B(0, R), 
by the Severini-Egorov Theorem, there exists a measurable set C B(0, R) such that |fi| < e and 
Uk — * Mo uniformly in 5(0, i?) \ f2. Hence for k large, u k { x ) 7^ Uk(y) for any x € B((z%, y), S) \ f2, 
y G B((z2,y), 8) \ O. On the other hand, if k is large enough, there exists Tk G such that 

\T k (B((z u y),5))AB((z 2 ,y),5)\ < e, 

where A denotes the symmetric difference of sets. Hence 

I (T k (B((z u y), 6)) n B((z 2 ,y), S)) \ Q\ > \B(0, S)\ - 2e > 0. 

In particular the set \Tk(B((zi,y), 5)) n £?((z 2 , y), (5)) \ il has non-zero measure. If (z,y) G 
(r k (B((zi,y),6)) n B((z 2 ,y),S)) \ 0, then z = r fc z with (i, y) G B((zi, y), <5) and by symmetry 
of Uk, Uk(z,y) = Uk{z,y), thus giving a contradiction. Hence uq is invariant by the SO(2)-action 
on the first two variables on B(0, R) for any R. Invariance by the SO(N — 2)-action on the last 
(N — 2) variables follows easily from pointwise convergence. Then we conclude that uq G T> c { tc (M. n ). 

Hence we have proved that, up to a subsequence, u k — Uo in 2? 1,2 (K Ar ), with u a G T>l£ c (H N ) \ {0}. 
Weak convegence yields 

(103) Qx(u k ) = Qx(u Q ) + Qx(u k - u ) + o(l) 
while Brezis-Lieb Lemma implies 

(104) wukg: = \\u \\i: + \\ Uk - uo\\f, + o(i). 

From (103), (104), (97), and (22) we have 

a (\\ ^ Q*( u o) . c fx s Q\(u k ) - Q\(u k - u ) + o(l) 
MA) < n- ||2 < ife(A)- ■ - -JJ2^- 



Hence 



(OAfe) 2 */ 2 " Qa(«* - «o) 2 * /2 + 0(1))' 

Q\(u k ) - Qxjuk - go) + 0(1) 

(Qa(^) 2 * /2 - Qxi u k - "0) 2 */ 2 + O(l)) 



2/2* 



> 1. 
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Since Q\(v,k) stay bounded away from 0, this is possible only when Q\{Uk — uo) — ► 0. Since Q A is 
an equivalent norm, we deduce that ilk — > wo in l? 1 ' 2 ^^). In particular ||uo||2* = linife ||ufc||2* = 1- 
Hence, by weakly lower semi-continuity of Q\, (97), and (92) 

S circ (A) < < liminf Q\(uk) = liminf S fc (A) < limsupS fe (A) < 5 circ (A). 

||uo||2* k k k 

Therefore all the above inequalities are indeed equalities. We have thus proved that along a 
subsequence, Sfc(A) converges to S c irc(A). The Uryson's property yields convergence of the entire 
sequence. ■ 

8. Proof of Theorem 1.4 
The proof of Theorem 1.4 is based on Theorem 7.3 and the following lemma. 
Lemma 8.1. limsup fc _ +00 S k (Xo,M, ■ ■ ■ ,A m ) < S circ (Ao, Ai, . . . , A m ). 

Proof. Let e > 0. Then from (5) and density of V(R N \ {0}) n V^ C (R N ) in V]g c (R N ), there 

exists u £ V(R N \ {0}) n T>l£ c (R N ) such that J RN \u\ 2 ' = 1 and 

(105) 

^TZ^-dx-J^A^ [ ( / \x- V y\* d 



For any £ = 1, . . . , m, set 



f \u(y + x)\ 2 

It is easy to check that fi S C°(S re ); indeed if x n G S re converge to i £ S ri , by the Dominated 
Convergence Theorem we conclude that lim„ fe(x n ) = fi(x). Hence the Riemann sum 



converges to the integral 



' u(y)\ 2 dy 



I if 



fi(x)da(x)= f -dcr{x)\dy 



2nr £ J Sti ' J RN V Js ri \x - y\ 2 
Hence there exists k such that for all k > k 

(106) / \vufdx-A f ^^-EEt/ r~% dx - £ 

Jr" Jr« fI JT[~{ k Jr n \x-a\\ 2 

<[ \Vufdx-\J ^w-dx-jTAi [ ( -f ^-%d< 

Jr" Jr« kr jt[ Jr n \ Js re \ x - y\ 

From (105-106), we deduce that 

<Sfe(Ao, Ai, . . . , A m ) — e < S C j rc (Ao, Ai, . . . , A m ) + e. 
Taking limsup as k — > +oo, since e is arbitrary we reach the conclusion. ■ 
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Proof of Theorem 1.4. As in the proof of Theorem 1.3, we can find a minimizing sequence 
{«„}„ C T> k ' (M. N ) for (3) with the Palais-Smale property. Under assumption (10), Lemma 6.2 
yields 

(107) S* circ (A ,Ai,...,A m ) < ScircCAo), 
while (9) implies 

fc 

(108) S k (\ )<S k (\ + kJ2 x e). 

Let < e < Scirc(Ao) — 5'circ(Ao, Ai, . . . , A m ). From Lemma 8.1, there exists k\ — fci(e) such that 
for all k > ki 

(109) 5 fe (Ao, Ai,. ..,A m ) < S circ (X ,A 1 ,...,A m )+e. 
From Theorem 7.3 and (107), there exists k^ such that for all k > 

(110) S circ (Ao,Ai,...,A m ) + e<Sfc(Ao) < 5 circ (A ). 
Let &3 be such that for all k > k% 



(111) 5 circ (Ao,Ai,...,A m )+e< min |fc« S, k» 5(A X ), . . . , fc« 5(A m ) 

From (108-111), we conclude that for all k > maxjfci, k2, k$} 

{22 2 / x ^ 

^5, fc^S(Ai), . . . , fc« 5(A m ), S fe (Ao), S k \X + kJ2 e=1 X e 

From above and the Palais-Smale condition proved in Theorem 4.1, we deduce that {it n } n eN nas & 
subsequence strongly converging to some u £ T> k ' (M. N ) such that Jfc(uo) = -^^(Aq, Ai, . . . , A m ). 
Hence Uq achieves the infimum in (3). Since J k is even, also \uq\ is a minimizer in (3) and then 
Vo = Sk(\o, Ai, . . . , Am) 1 /*- 2 ~ 2 -*|uo| is a nonnegative solution to equation (2). The maximum 
principle implies the positivity outside singularities of such a solution. ■ 



9. Proof of Theorem 1.5 

We now provide a sufficient condition for the infimum in (3) to stay below the level k 2 ^ N S(Xj), in 
correspondence of which possible concentration at singular points located at the j-th polygon can 
occur. We denote by <dji the minimum angle formed by vectors a\ and a a , see figure below. 




Figure 4 (The angle 6jf.) 
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The following lemma can be proved by standard trigonometry calculus. 
Lemma 9.1. For any i, s = 1,2, ... ,k, and j,l = 1, 2, . . . , m, there holds 



(s — i)n 
sin 



K -o;l =rj+r\ i-2r jrt > 



2n(i - s) 
k 



e 



Lemma 9.2. Let j G {1, 2, . . . ,m}. // 



(112) 
and 



< Aj ■ < 



N(N-A) 



(113) 



A,, 



fc-i 



12 ^ 



=J 4r| | sin f | - J=J " rf + r 2 - 2r 3 r e cos ( *f + Q jt 



2 +E^E 



>o, 



then 



(114) 



5 fc (A ,A 1 ,...,A m )<fc 2 / Ar 5(A J ). 



Proof. Let z(a;) = £*L X 4' - «D e ^ 2 (K W ). Then 



S" fc (A ,Ai,...,A m ) < 



2/2* 



dx 



where Qa ,Ai \ m denotes the quadratic form defined by 



^A ..A A.. («) = / |Vli| 2 dx - / i-^« a (s) ^ - E E A ^ / 



w 2 (a;) 
\x-aj\- 



dx. 



Note that 



2/2* 

*dx) >k 2/r . 
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Moreover, from (19), Lemmas 5.1 and 5.2 we find that 



h a a. (*) k / \Vz^\ 2 dx-kX 3 



in" |x + | 2 



dx 



E E / , ?*r t» dx+ E / ^( X -ai).Wz^( X -c4)d X 
7~T s -TZ-i JR N \x + a J s - a,\ z ,71, Ji" 



^ i=i, s =i |a? + oi-a?| 

771 fe 

E E 



1=1, s=l ' 



(=1 i=l,s=l,t=l 



Xtz^ (x - a J s )zp (x — al) 



k . 
dx - A >J / 



i=l,s=l ' 



|x - af | 2 



m ft 



kS(Xj) -/i 2 |ln/i|< 



l=\ i=l, s =l 
m k 



{x - d^zj {x - a> 8 ) 



Therefore (114) holds provided 
(115) 



FTP 



fcAo 



E E r^if + °( 1 ) 



£=1 1=1, s = l 



m k 

E E 



ifA . = M^f). 



> 0. 



(M)^(«,j) 

It is easy to verify that assumption (113) and Lemma 9.1 imply (115). 



dx 



Lemma 9.3. For any j, I = 1, . . . , m, j ^ I, there holds 

fe-1 

1 

-00, 



(116) 
(117) 



1 



lim — 

k — >oo Ai 



i=l ™ 3 - 1 suit 



I 2 



a,E 



Proof. A direct calculation yields 
fe-i 



=1 r 2 +r 2 -2r,r £ cos(^f + O j£ 



A e O(l) as k — > +oo. 



A J 4r 2 |sinf | 



> 1 f k/2 ds 



> i r' 2 dt 



l 4r 2 1 sin ^ 



On the other hand 

k 



< 



A/fc 4r|| sini| 2 fe- 



ds 



+oo. 



-+oo 



Ae i~i r 2 + r 2 - 1r jTl cos + ~ k Jo r 2 + r 2 - 2r 3 r e cos {^f- + 

dt 



2ir J r 2 +rf — 2r^rg cos(t + 
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thus proving (117). 



Remark 9.4. Lemma 9.3 implies that if we fix Ao, Ai, . . . , A m and let k — > +oo, then the quantity 
in formula (113) tends to +oo. Hence condition (113) is satisfied for k sufficiently large. 



Let us now compare levels Sfc(Ao, Ai, 
origin. Two cases can occur: 



i A TO ) and Sfc(Ao) which is related to concentration at the 

(i) S fc (Ao) > fc 2/Ar S, 
(h) S fe (A ) < k 2 ' N S. 

In case (i), since S — S(0) and A > S'(A) is a nonincrcasing function, to exclude that the infimum 
in (22) stays above Sfc(Ao) it is enough to compare Sk(Xo, Ai, . . . , A TO ) with k 2 l N 'S(Xj) where 
Xj = max{Ai}i<i< m , as we have done in Lemma 9.2. 

The study of case (ii) is based on Lemma 2.1. Indeed, using Lemma 2.1 and estimates of Lemma 
5.1, we can prove the following lemma. 

Lemma 9.5. If N > 4, Sk(Xo) < k 2 / N S, and one of the following assumptions is satisfied 



(118) 

(119) 

then 
(120) 



A < 



N(N-A) 



< A < 



N(N-4) 
4 

(iV-2) 2 



rrt x 

h n 2 



and 



Xp 



Sk(Xo, Ai, . 



,A m ) 



i \ re \V( N -V 2 -^° 
< Sfc(Ao). 



>0, 



Proof. From Lemma 2.1, we have that Sfc(Ao) is attained by some u ° G V l k 2 {M. N ). By 
homogeneity of the Rayleigh quotient, we can assume J|m a °| 2 * = 1. Further more, the func- 



tion v x ° = Sfc(A ,Ai 



,A m ) 



l/(2*-2)|,,Ao| 



is a nonnegative solution to (16), hence we can apply 

K°i 2 



Lemma 5.1 to study the behavior of J RN S^p dx as /i — > 0. Hence we obtain that there exists 
some positive constant kq such that 

(121) S k (Xo,At,. 



,A m ) 



< 



\Vu^{x)\ 2 dx-X 



A* 2 Jfiv |w A ° 12 



S k (X ) - { 



EE 




EE^ 

=i i=i 



K°(x)\ r ' 



x - a 



'12 



dx 



if Ao 



o(l) 



7V(W- 


4) 


4 




JV(JV- 


■1) 


4 




JV(iV- 


4) 



Mi 
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Taking /i sufficiently small we obtain that either assumption (118) or (119) yield (120). 



Proof of Theorem 1.5. As in the proof of Theorem 1.3, we can find a minimizing sequence 
{m„}„ g n which has the Palais-Smale property, more precisely J' k {u n ) — ► in iv]^ 2 (R N ))* and 
Jk{u n ) -> ^5fc(AoAi, . . . , A m ). Assumption (11) yields 

k 

(122) sJXo + kY,^) > Sk(Xo)- 



Note also that (12) and (14) imply that N > 4 and A m > 0. Two cases can occur. If5fc(Ao) <k N S, 
then Lemma 9.5 and assumption (14) yield 

5 t (A ,Ai,...,A m ) < 5 fe (Ao). 

If S k (\o) > k 2 / N S, from monotonicity we have S k (X a ) > k 2 ' N S > k 2 ' N S{\ m ). In both cases from 
Lemma 9.2 and (15) we deduce k 2 l N S{\ m ) > S k (\o, A l5 . . . , A m ). Hence we obtain that 



{22 2 / V — ^ m 

k"S, fc™ 5(Ai), . . . , k^S(X m ), Sfc(Ao), Sk (^A + fc 



From above and the Palais-Smale condition proved in Theorem 4.1, we deduce that {u n } n ^ has 
a subsequence strongly converging to some uq G £> fe ' (R^) which achieves the infimum in (3). 
Moreover vq = Sfc(AoAi, . . . , A m ) 2 *- 2 \u \ is a solution to (2). ■ 

Remark 9.6. Theorem 1.5 contains an alternative proof to Theorem 1.4 in the case N > 4, as it 
follows easily gathering Theorem 1.5 and Remark 9.4- Note that the assumption N > 4 is needed to 
ensure that (12) and (14) hold. However, with respect to Theorem 1.4, it contains a more precise 
information on how k must be large in order to solve the problem. 

10. Proof of Theorem 1.2 

Proof of Theorem 1.2. Assume first (i). Let e > 0. Then from (3) and density of X>(R w \{0})n 
1>1' 2 (R N ) in V^ 2 (R N ), there exists u G V(R N \ {0}) n V k 2 (R N ) such that Q Xo (u) < S k (X ) + e. 
Let 

N — 2 

Un(x) = n z~u(x/(i), fx > 0. 
By Dominated Convergence Theorem it is easy to verify that 

»»./ Pl = °. 

^o_/ r jv | a; - a\\ A 



hence 



f \Vu\ 2 dx-\ n f £H~r v™ u * {x) dx 

<jfe(Ao, Ai, . . . , A m ) < 



{J r n M 2 *cte) 



2/2* 



= Qao(«)+o(1) < S k (X Q ) + s + o(l) as/x^0. 
Letting — ► we have that Sfc(Ao, Ai, . . . , A m ) < S k (Xo) + e for all e > 0. Hence 

5 fe (A ,Ai,...,A m ) < S k (X ). 
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Assume by contradiction that Sk(\o, Ai, . . . , A m ) is attained by u £ 2V (M. N ) \ {0}, then 

f \Wu\ 2 dx-\nf a2[x) f V m Aiv fc %2{ - x ) dx 

JRN I V tt| (U AQ J RJV [J|2 J R « 2-^1=1 k 1^1=1 \x-al\ 2 



5fc(Ao, A 1; . . . , A m ) 



(Irn \u\ 2 *dx) 



2/2* 



J RN \ Vu\ 2 dx - J RN ^u 2 (y) dy 

> " > <Jfc(A J, 

(Jrjv \u\ 2 'dx) 

giving rise to a contradiction. The proof of non-attainability of 5 , c irc(Ao, Ai, . . . , A m ) is analogous 
and is based on (90). 

Assume now that (ii) holds. Then for all u £ T>l^ c (R N ) 1 u > 0, denoting by u* the Schwarz 
symmetrization of u (see (28)), from (29) and (30) it follows that 

QtX,..,AJ u ) > ^lv^l 2 ^-(Ao + Er =1 A,)/ RW ^^ 



(Irn \u\ 2 *dx) 2/2 (J RN \u*\ 2 'dx) 2/2 

rn m 

Hence 5 c i rc (A , Ai, . . . , A m ) > Scire (A + XXi 0n tlie otner hand, setting A = A + J27=i A ^ 
and using [14, Corollary 3.2] we obtain 

S circ (A , Ai, A m ) < QZau-.aJ^) = Qa{4) + °(!) = S ( A ) + °(!) 



711 

Scire f A + A e ) + o(l) as ^ — > oo. 



Then 

77 1 



(123) S' C i rc (Ao, Ai, . . . , A m ) = 5 C i rc ^Ao + A, 



If Scire (Ao, Ai, . . . , A r „) was attained by some u € T>]? C (R. N ) \ {0}, then 

<? (\ A A n _ QaoTai.-aJ") > Qa(u*) . . 

(j RN \urdx) 2/2 (j RN \u*rdxf 2 

Due to (123), all above inequalities are indeed equalities; in particular Q^"^ \ (u) = Qa(u*) 
which (taking into account Polya-Szcgo inequality and (29)) yields 

< / \\7u\ 2 dx- [ \\7u*\ 2 dx 

•/r* Vlyr fri Js rt \ x -y\ J Jr* \y\ 

Then J RN |Vu| 2 cix = J RN \S7u*\ 2 dx. From [3], it follows that u must be spherically symmetric with 
respect to some point. Since u is a solution to equation (4) (up to some Lagrange's multiplier), 
the potential in equation (4) must be spherically symmetric, thus giving rise to a contradiction. 
The proof of non-attainability of ^(Ao, Ai, . . . , A m ) is contained in [14, Theorem 1.3]. ■ 
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